Abstract. The concepts of rough and definite objects are relatively more determinate than those of granules and granulation in general rough set theory (RST) [1] . Representation of rough objects can however depend on the dialectical relation between granulation and definiteness. In this research, we exactify this aspect in RST over proto-transitive approximation spaces. This approach can be directly extended to many other types of RST. These are used for formulating an extended concept of knowledge interpretation (KI)(relative the situation for classical RST) and the problem of knowledge representation (KR) is solved. These will be of direct interest in granular KR in RST as developed by the present author [2] and of rough objects in general. In [3] , these have already been used for five different semantics by the present author. This is an extended version of [4] with key examples and more results.
Granules and Granular Computing Paradigms
The idea of granular computing is as old as human evolution. Even in the available information on earliest human habitations and dwellings, it is possible to identify a primitive granular computing process (PGCP) at work. This can for example be seen from the stone houses, dating to 3500 BCE, used in what is present-day Scotland. The main features of this and other primitive versions of the paradigm may be seen to be -Problem requirements are not rigid.
-Concept of granules may be vague.
-Little effort on formalization right up to approximately the middle of the previous century. -Scope of abstraction is very limited.
-Concept of granules may be concrete or abstract (relative all materialist viewpoints).
The precision based granular computing paradigm, traceable to Moore and Shannon's paper [8] , will be referred to as the classical granular computing paradigm CGCP is usually understood as the granular computing paradigm (The reader may note that the idea is vaguely present in [9] ). The distinct terminology would be useful to keep track of the differences with other paradigms. CGCP has since been adapted to fuzzy and rough set theories in different ways.
Granules may be assumed to subsume the concept of information granules -information at some level of precision. In granular approaches to both rough and fuzzy sets, we are usually concerned with such types of granules. Some of the fragments involved in applying CGCP may be:
-Paradigm Fragment-1: Granules can exist at different levels of precision.
-Paradigm Fragment-2: Among the many precision levels, choose a precision level at which the problem at hand is solved. -Paradigm Fragment-3: Granulations (granules at specific levels or processes) form a hierarchy (later development). -Paradigm Fragment-4: It is possible to easily switch between precision levels. -Paradigm Fragment-5: The problem under investigation may be represented by the hierarchy of multiple levels of granulations.
The not so independent stages of development of the different granular computing paradigms is stated below:
-Classical Primitive Paradigm till middle of previous century.
-CGCP: Since Shannon's information theory -CGCP in fuzzy set theory. It is natural for most real-valued types of fuzzy sets, but even in such domains unsatisfactory results are normal. For one thing linguistic hedges have little to do with numbers. A useful reference would be [10] . -For a long period (up to 2008 or so), the adaptation of CGCP for RST has been based solely on precision and related philosophical aspects. The adaptation is described for example in [11] . In the same paper the hierarchical structure of granulations is also stressed. This and many later papers on CGCP (like [12] ) in rough sets speak of structure of granulations. -Some Papers with explicit reference to multiple types of granules from a semantic viewpoint include [13, 5, 14, 15, 16 ]. -The axiomatic approach to granularity initiated in [5] has been developed by the present author in the direction of contamination reduction in [1] . From the order-theoretic/algebraic point of view, the deviation is in a very new direction relative the precision-based paradigm. The paradigm shift includes a new approach to measures.
There are other adaptations of CGCP to soft computing like [17] that we will not consider.
Unless the underlying language is restricted, granulations can bear upon the theory with unlimited diversity. Thus for example in classical RST, we can take any of the following as granulations: collection of equivalence classes, complements of equivalence classes, other partitions on the universal set S, other partition in S, set of finite subsets of S and set of finite subsets of S of cardinality greater than 2. This is also among the many motivations for the axiomatic approach.
A formal simplified version of the the axiomatic approach to granules is in [18] . The axiomatic theory is capable of handling most contexts and is intended to permit relaxation of set-theoretic axioms at a later stage. The axioms are considered in the framework of Rough Y-Systems (RYS) that maybe seen as a generalized form of abstract approximation spaces [19] and approximation framework [20] . It includes relation-based RST, cover-based RST and more. These structures are provided with enough structure so that a classical semantic domain (Meta-C) and at least one rough semantic domain (called Meta-R) of roughly equivalent objects along with admissible operations and predicates are associable. But the exact way of association is not something absolute as there is no real end to recursive approximation processes of objects.
Paradigms do matter in the granular knowledge context in a highly non trivial way.
Motivation and Examples
Generalized transitive relations occur frequently in general information systems, but are often not recognized as such and there is hope for improved semantics and KI relative the situation for purely reflexive relation based RST. Not all of the definable approximations have been investigated in even closely related structures of general RST. Contamination-free semantics [1] for the contexts are also not known. Finally these relate to RYS and variants. A proper characterization of roughly equal (requal) objects is also motivated by [1] .
Example-1
Let § = {a, b, c, e, f, g, h, l, n} and let R be a binary relation on it defined via
If P is the reflexive closure of R (that is P = R ∪ ∆ S ), then S, P is a PRAX. The successor neighbourhoods associated with different elements of S are as follows (E is a variable taking values in S):
where N is the set of naturals, X is the set of elements of the infinite sequences {x i }, {y j }. Let Q be a relation on Z such that
For any i ∈ N , let P i = {y k : k = 2j&k < i} ∪ {x 2j : 2j < i} -this will be used in later sections. The extension of the example to involve nets and densely ordered subsets is standard.
Caste Hierarchies and Interaction
The caste system and religion are among the deep-seated evils of Indian society that often cut across socio-economic classes and level of education. For the formulation of strategies aimed at large groups of people towards the elimination of such evils it would be fruitful to study interaction of people belonging to different castes and religions on different social fronts.
Most of these castes would have multiple subcaste hierarchies in addition. Social interactions are necessarily constrained by their type and untouchability perception. If x, y are two castes, then with respect to a possible social interaction α, people belonging to x will either regard people belonging to y as untouchable or otherwise. As the universality is so total, it is possible to write U α xy to mean that y is untouchable for x for the interaction α. Usually this is a assymmetric relation and y would be perceived as a lower caste by members of x and many others.
Other predicates will of course be involved in deciding on the possibility of the social interaction, but if U α xy then the interaction is forbidden relative x. If α is "context of possible marriage", then the complementary relation (C α say) is a reflexive proto-transitive relation. For various other modes of interaction similar relations may be found.
In devising remedial educational programmes targeted at mixed groups, it would be important to understand approximate perceptions of the group and the semantics of PRAX would be very relevant.
If S is a PRAX or a PRAS, then we will respectively denote successor neighbourhoods, and symmetrized successor neighbourhoods generated by an element x ∈ S as follows:
Definition 3. If A ⊆ S is an arbitrary subset of a PRAX or a PRAS S, then let
Lower Proto:
Point-wise Upper
Proposition 2. In a PRAX S and for a subset A ⊆ S, all of the following hold:
Proof. The proof of the first two parts are easy. For the third, we chase the argument up to a trivial counter example. We have already provided a counter example for this.
In a PRAX S, if X is an approximation operator, then by a Xdefinite element, we will mean a subset A satisfying A X = A. The set of all X-definite elements will be denoted by δ X (S), while the set of X and Y -definite elements (Y being another approximation operator) will be denoted by δ XY (S).
Definition 5. In a PRAX S, a subset A will be said to be respectively lower proto-definite or upper proto definite if and only if A l = A or A u = A holds respectively. A will be said to be proto-definite if and only if it is both upper and lower proto-definite.
Proposition 4. In a PRAX S, δ u (S) is a complete sublattice of ℘(S) with respect to inclusion.
Proof. As R is reflexive, if A, B are upper proto definite, then A ∪ B and A ∩ B are both upper proto definite. So the result holds.
⊓ ⊔ Proposition 5. In a PRAX S, δ lo (S) = δ uo (S).
Theorem 1.
In a PRAX S, the following hold:
In a PRAS S, it is possible that δ u δ uo .
Remark 1.
A u+ , A l+ have relatively been more commonly used in the literature and have also been the only kind of approximation studied in [21] for example (the inverse relation is also considered from the same perspective). The main features of these is stated in the following theorem.
Theorem 3. If u+, l+ are treated as self maps on the power-set ℘(S), S being a PRAX or a PRAS then all of the following hold:
l+c -that is l+ and u+ are mutually dual ⋆ l+, u+ are monotone. ⋆ l+ is a complete ∧-morphism, while u+ is a ∨-morphism. ⋆ ∂(x) = ∂(x c ), where partial stands for the boundary operator. ⋆ ℑ(u+) is an interior system while ℑ(l+) is a closure system. ⋆ ℑ(u+) and ℑ(l+) are dually isomorphic lattices.
Clearly the last statement is implied by x ∈ A l ∪ B l .
Proof. For any A, B ∈ ℘S, x ∈ (A ∩ B)
Clearly the last statement implies x ∈ A l &x ∈ B l , but the converse is not true in general.
⊓ ⊔ Theorem 7. In a PRAX S, all of the following hold:
In a PRAX S, all of the following hold:
Theorem 11. In a PRAX S,
From the above, we have the following relation between approximations in general (u+ −→ u should be read as the u+-approximation of a set is included in the u-approximation of the same set ):
If a relation R is purely reflexive and not proto-transitive on a set S, then the relation τ (R) = R ∩ R −1 will not be an equivalence and for a A ⊂ S, it is possible that
Theorem 12. In a PRAX, all of the following hold:
Algebras of Rough Definite Elements
In this section we prove key results on the fine structure of definite elements.
Theorem 13. On the set of proto definite elements δ lu (S) of a PRAX S, we can define the following:
Proof. We need to show that the operations are well defined. Suppose x, y are proto-definite elements, then
Since a ul = a u for any a.
3. 0 ∆ = ∅ is obviously well defined. 4. Obvious. Proof. Follows from the previous theorem. The lattice order can be defined via, x ≤ y if and only if x ∪ y = y and x ∩ y = x. ⊓ ⊔
Suppose
A ∈ δ lu (S), then (∀z ∈ A c ) [z] ∩ A = ∅ is essential,
The Representation of Roughly Equal Elements
The representation of roughly equal elements in terms of definite elements are well known in case classical rough set theory. In case of more general spaces including tolerance spaces [1] , most authors have been concerned with describing the interaction of rough approximations of different types and not of the interaction of roughly equal objects. Higher order approaches, developed by the present author as in [5] for bitten approximation spaces, permit constructs over sets of roughly equal objects. In the light of the contamination problem [5, 1] , it would be an improvement to describe without higher order constructs. In this section a new method of representing roughly equal elements based on expanding concepts of definite elements is developed.
Definition 6.
A subset A of ℘(S) will be said to a set of roughly equal elements if and only if (∀x, y ∈ A) x l = y l & x u = y u .
It will be said to be full if no other subset properly including A has the property.
Relative the situation for a general RYS, we have Theorem 15 (Meta-Theorem). In a PRAX S, full set of roughly equal elements is necessarily a union of intervals in ℘(S).
